The collective focusing concept in which a weak magnetic lens provides strong focusing of an intense ion beam pulse carrying a neutralizing electron background is investigated by making use of advanced particle-in-cell (PIC) simulations and reduced analytical models. The original analysis by Robertson [Phys. Rev. Lett. 48, 149 (1982)] is extended to the parameter regimes of particular importance for several high energy density physics applications. The present paper investigates (1) the effects of nonneutral collective focusing in a moderately strong magnetic field; (2) the diamagnetic effects leading to suppression of the applied magnetic field due to the presence of the beam pulse; and (3) 
I. INTRODUCTION
In the collective focusing scheme proposed by S. Robertson (hereafter referred to as a collective focusing lens), a weak magnetic lens provides strong focusing of an intense ion beam pulse carrying an equal amount of neutralizing electron background [1] [2] [3] [4] [5] [6] [7] . For instance, a solenoidal magnetic field of several hundred gauss can focus an intense neutralized ion beam within a short distance of several centimeters. Note that for a single-species nonneutral ion beam, a several Tesla magnetic field would be required to achieve the same focal length. The enhanced focusing in a collective focusing lens is provided by a strong self-electric field, which is produced by the collective dynamics of the neutralizing electrons.
The main features of the collective focusing lens can be summarized as follows. First, let us review the principles of operation of a conventional magnetic lens for the case of a singlespecies charged particle beam. Moving from a region of a zero magnetic field into the magnetic 1 Figure 1 : Schematic illustration of collective focusing lens configuration. Traversing the fall-off region of the solenoidal magnetic field, the co-moving electrons acquire a fast rotation around the lens axis due to conservation of canonical angular momentum. As a result, a strong radial self-electric force is produced in order to balance the V magnetic force. This electric force has a dominant influence on the radial dynamics of the beam ions.
B × lens, a beam particle acquires azimuthal angular momentum as the magnetic flux through its orbit increases. As a result, a radial focusing B V × force acts on the beam particles inside the lens. For the case where the ion beam drags a neutralizing co-moving electron background into the magnetic lens, the neutralizing electrons entering the lens experience much stronger magnetic focusing than the beam ions and tend to build up a negative charge around the lens axis. As a result, an electrostatic ambipolar electric field develops that significantly increases the total focusing force acting on the beam ions [ Fig. 1 ]. Note that the neutralizing electrons should enter the lens from a region of a zero magnetic field in order to acquire the azimuthal angular momentum necessary for radial magnetic focusing to occur inside the lens. Therefore, collective focusing will only occur if no background plasma or secondary electrons are present inside the lens. Otherwise, the rotating electrons co-moving with the ion beam will be rapidly replaced by the "non-rotating" background plasma electrons inside the lens and the enhanced collective focusing will be suppressed [6] .
B V ×
Many applications of ion-beam-driven high energy density physics, including heavy ion fusion and high-energy ion beam production from intense laser-matter interaction, require ion beam focusing and involve the presence of a neutralizing electron background. It is therefore of particular practical importance to investigate the feasibility of using a collective focusing lens for these applications. This would allow for the use of weak (several hundred Gauss) magnetic fields 2 instead of a several Tesla conventional magnetic lens, thereby significantly facilitating the technical realization of intense ion beam focusing.
For instance, in the current design of a typical heavy ion driver a strong (several Tesla) magnetic solenoid is used to provide final transverse focusing of the ion beam as it leaves the drift section filled with a neutralizing background plasma [8] [9] [10] . Due to the strong space-charge self-fields of an intense ion beam pulse, a neutralizing plasma is also required inside the magnetic solenoid. Note that apart from the challenge of using a several Tesla magnetic solenoid, filling it with a background plasma provides additional technical challenges [11] . However, the use of the collective focusing concept can significantly simplify the technical realization of the beam final focus. Indeed, a neutralizing electron background can be dragged by the ion beam from the plasma that fills the magnetic-field-free drift section. The required magnetic field of the final focus solenoid can be lowered to the range of several hundred Gauss. Finally, a neutralizing plasma background is not required (should not be present) inside the final focus solenoid. As a practical example, in this paper we present results of advanced numerical simulations demonstrating the feasibility of tight collective focusing of intense ion beams for the Neutralizing Drift Compression Experiment-I (NDCX-I) [9] , which is a heavy ion driver for warm dense matter experiments.
A collective focusing lens can also be utilized in the laser generation of a high-energy ion beam, where the energetic ions are produced and accelerated by the interaction of an intense laser beam pulse with a thin foil [12] . In order to decrease the divergence of the ion beam, that is produced, a strong (several Tesla) focusing solenoidal magnetic field is used in some experiments [13] . However, along with the ions, a free-moving electron background is also produced, and therefore it is appealing to utilize the collective focusing concept for these applications as well.
The original analysis of a collective focusing lens was performed under the following assumptions. First, the neutralized ion beam was considered to be sufficiently dense, can occur both in a heavy ion driver [9] and in the laser production of collimated ion beams [13] when a conventional (several Tesla) magnetic lens is used for ion beam focusing. Therefore, the extension of previous theoretical models [1] [2] [3] [4] [5] [6] [7] to the cases where
is of particular practical importance. In the present work, we investigate the operation of a collective focusing lens in these regimes, making use of advanced numerical simulations and reduced analytical models. In addition, the influence of the presence of a conducting wall surrounding the beam cross section on the collective beam focusing is investigated.
The present paper is organized as follows. The original analysis of a collective focusing lens is summarized in Sec. II. Section III presents the results of advanced numerical simulations demonstrating the feasibility of tight collective focusing of intense ion beams for the Neutralizing Drift Compression Experiment-I (NDCX-I). The effects of nonneutral collective focusing in a strong magnetic field, i.e., pe ce ω ω > are investigated in Sec. IV, and the influence of the finite-radius conducting wall on the collective beam focusing is described in Sec. V.
Finally, an analysis of collective focusing lens operation in the regime where the beam radius is comparable to or larger than the collisionless electron skin depth, i.e., 
II. THE COLLECTIVE FOCUSING LENS
In this section we summarize the concept of a collective focusing lens proposed and experimentally tested by S. Robertson [1] . We consider a magnetic lens (magnetic solenoid) where a solenoidal magnetic field is nearly uniform inside the lens, , and decreases rapidly to zero outside the lens. Note that the applied solenoidal magnetic field has a non-zero radial component, B r , in the field fall-off region. When an ion beam carrying an equal amount of
Note that the second term on the left-hand-side of Eq. (1) 
and for the electric field we obtain ( ) 
Note that the electric field in Eq. (3) provides the balance between the magnetic force, the centrifugal force, and the ambipolar electrostatic force acting on neutralizing electrons inside the lens. Furthermore, as pointed out in Ref. [14] , the same results for the electric field [Eq. (3)] was obtained by Davidson in [15] , where the possible equilibrium states for a plasma in a constant B V × θ axial magnetic field were considered. Finally, a comprehensive analysis of the collective focusing lens including the thermal effects of the co-moving electrons can be found in [4, 5] .
In the thin lens limit, where the radial displacement of the beam particles within the lens is small, and the neutralized beam drifts to a focus outside the lens, the focal length of the collective focusing lens is given by [1] ( )
Here, is the axial beam velocity, is the length of the magnetic solenoid, is the beam radius, and is the radial velocity acquired within the lens. Note that the focal length of a "conventional" magnetic lens is given in the thin-lens approximation for a single-species ion
Equation (5) 
It has also been assumed that the axial magnetic field perturbations due to the beam rotation are small. The azimuthal current density is primarily attributed to the electron rotation and is given inside the lens by 2 
i.e., is the beam radius is smaller than the collisionless electron skin depth.
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III. COLLECTIVE FOCUSING LENS FOR THE NDCX-I FINAL FOCUS
As noted earlier, it is appealing to make use of a collective focusing lens in the design of a heavy ion driver final focus section. As a practical example, in this section we consider the Neutralized Drift Compression Experiment-I (NDCX-I), which is designed to study energy deposition from a highly compressed intense ion beam pulse onto a target for warm dense matter physics studies [9] . To obtain a high-current, short ion beam pulse, a long, singly-charged potassium ion bunch with directed energy of ~300 KeV and carrying a current of ~30 mA is matched into a solenoidal transport section, which controls the transverse beam envelope. Upon leaving the transport section, the radially converging beam pulse (with beam radius, r b~1 cm)
acquires a head-to-tail velocity tilt and enters a long drift section (L d~2 m) filled with a background plasma (n p ~10 10 -10 11 cm -3 ). The background plasma neutralizes the beam space charge and therefore nearly-ballistic (field-free) simultaneous longitudinal and transverse compression occurs inside the drift section. In the present configuration of the NDCX-I device, final transverse focusing is then provided by a strong magnetic lens with magnetic field B s~8 T, and length l s~1 0 cm, which is placed downstream of the beam line after the drift section (Fig. 2) .
In order to compensate for the strong space-charge forces of the compressed ion beam pulse, the final focus solenoid has to be filled with a neutralizing plasma as well. In the present design, four cathodic-arc plasma sources (CAPS) are used to inject plasma into the final focus solenoid. The sources are placed out of the line-of-sight of the beamline in order to avoid interaction with the ion beam and angled toward the axis of the final focus solenoid (Fig. 2) . Here, we emphasize again that filling the strong magnetic solenoid with a neutralizing plasma is itself a challenging problem [11] , and providing improved neutralizing plasma background inside the final focus solenoid is still one of the critical problems in NDCX-I optimization.
The final beam focusing can be significantly facilitated by using the concept of a collective focusing lens, which requires minimum modifications to the current NDCX-I configuration. Indeed, in order to test the collective focusing, one needs to lower the final focus solenoid magnetic field from 8 Tesla to several hundred Gauss and turn off the cathodic-arc plasma sources. It is then expected that the beam will drag the required neutralizing co-moving electrons from the background plasma that fills the drift section [16] [17] [18] [19] [20] [21] and will experience strong collective focusing inside the magnetic solenoid. In this section we present results of advanced numerical simulations demonstrating the feasibility of tight collective focusing of an intense ion beam pulse for NDCX-I. Note that the preliminary numerical simulations of the collective final focus in the NDCX-I were performed in Ref. [7] , and focusing limitations due to possible heating of the co-moving electrons during the transverse compression were discussed. However, those simulations did not take into account the effects of the beam's simultaneous, longitudinal and transverse, convergence and the pulse shaping inside the drift section. These effects are considered in the present analysis, and the feasibility of a tight collective final focus for the case of a more realistic beam distribution is demonstrated. between t h and t t assumed in the simulations (Fig. 4) corresponds to the so-called idealized voltage waveform given by [22, 23] ( ) 
at the tilt gap exit, i.e., z=z g2 .
It should be pointed out that the ideal simultaneous compression assuming perfect beam neutralization and the idealized voltage waveform [Eq. (8)] is still degraded by thermal effects, and the time-dependent effects of the longitudinal beam dynamics associated with a finite length of the tilt gap [22, [24] [25] [26] . That is, traversing the finite-length tilt gap, the beam particles receive a time-dependent divergence angle [22, 25] . Note again that the steep initial convergence angle, is taken to partially compensate for this divergence. However, due to the time-dependent nature of the effect, simultaneous longitudinal and transverse beam compression is still degraded due to variations in the z-location of the transverse focal plane for different beam slices [25, 26] . These finite-size tilt gap effects are adequately described by the present simulations, and the details of the tilt gap model can be found in Ref. [27] . Among the deleterious technical effects that can limit simultaneous beam compression is a discrepancy between the ideal voltage waveform in Eq. (8) and the waveform generated by the induction bunching module in NDCX-I. This effect is considered in detail in Ref. [22, 26] , and is outside the scope of the present work.
It has previously been demonstrated that a dense background plasma with n p >n b can provide a high degree of beam charge and current neutralization [28] . Furthermore, it can be shown that collective streaming processes do not have a significant influence on ion beam dynamics due to the thermal effects of the background plasma electrons. Therefore, it is appealing to use a fluid model for the background plasma, instead of a full kinetic description to simulate the ion beam pulse shaping during its simultaneous compression inside the long drift section. However, the kinetic effects of the co-moving electrons are of particular importance for the collective focusing of the beam pulse. Accordingly, the entire simulation domain is divided into two parts. The simulation of the long upstream part, from z=0 to z L =251 cm, utilizes a conductivity model for a background plasma, where a sufficiently high value of the conductivity is chosen to provide complete beam neutralization. The downstream part, from z L =251 cm to z end =301 cm, that includes a short downstream part of the drift section and the final focus section, is simulated by making use of a fully kinetic model for the background plasma electrons and ions. For this downstream simulation we take the plasma density to be n p =10 11 cm -3 , electron
temperature T e =3 eV, and the massive plasma ions are assumed to be cold. The beam ions are treated as a kinetic species throughout the entire simulation domain. We emphasize again that the use of a fluid model for most of the neutralizing plasma inside the drift section allows for a considerable reduction in the total computational time, and the details of the space-time resolution can be found in Ref. [27] .
The results of the numerical simulations performed with the LSP code [29] are shown in beam neutralization is assumed from the drift section entrance to the target plane [9] .
In conclusion, it is important to point out that the long prepulse part of the ion beam in the NDCX-I can produce a significant amount of the background electrons by preheating the target. Therefore, it may be important to remove those electrons from the beam line. Otherwise they may possibly leak into the final focus solenoid, thus reducing the collective focusing of the compressing part of the beam pulse. Note that the entire ion beam pulse undergoes simultaneous compression in the planned NDCX-II facility [10, 30] . Therefore, the absence of the prepusle part of the ion beam makes the concept of final collective focusing even more attractive for the has to be reached at the exit of the drift section.
IV. NONNEUTRAL COLLECTIVE FOCUSING
The original analysis of a collective focusing lens [1] It is interesting to note that the latter condition, i.e., , implies that the co-moving electron beam compression does not follow the magnetic field lines (Fig. 7) . Indeed, the radius of a constant magnetic flux tube is given by 5 ], whereas the initial thermal energy is 3 eV. Therefore, the drift approximation is not valid for the present system, and the transverse dynamics of the electron flow is determined by the radial force balance on the electrons, as described below.
We start the analysis by determining the conditions for a pronounced charge separation to occur inside an ion beam that carries an equal amount of electron background into a strong solenoidal magnetic field. 
In the limit of a high-energy heavy-ion beam and steep magnetic field gradients, Eqs. (10)- (11) may not have a self-consistent solution. In this case quasi-neutrality inside the beam is no longer maintained, and nonneutral collective focusing occurs.
In order to determine the transverse beam dynamics for the case of nonneutral collective focusing, one needs to investigate the distribution of the strong radial electric field inside the beam. For this purpose we have performed advanced numerical simulations with the particle-incell code LSP, and a schematic of the present simulations is shown in Fig. 9 . In an attempt to provide quiescent neutralization of the ion beam as it leaves the background plasma layer, cold plasma electrons are assumed, and a gradual decrease in the plasma density is introduced near the downstream end of the layer. That is, we take n p =10 11 cm -3 for z<12 cm and then the plasma density is linearly decreased to zero over a distance of l edge =8 cm. We point out that the present numerical simulations demonstrate a high degree of beam charge neutralization as it leaves the The maximum value of the magnetic field inside the focusing solenoid is B 0 =1600 G, which corresponds to , and the longitudinal profile of the on-axis magnetic field is shown in Fig. 9(b) . Finally, a transverse cylindrical conducting boundary is present at r w =3.8 cm. The results of the numerical simulations at an illustrative time t=500 ns, when the beam is at the center of the magnetic solenoid, are shown in Fig. 11 . As the co-moving electrons enter the magnetic solenoid the electrons acquire a strong azimuthal rotation due to conservation of canonical angular momentum [ Fig. 11(a) ]. The resulting B V × magnetic focusing force, along with the centrifugal force, are compensated by the strong radial self-electric field [ Fig. 11(b) ]. (9) is violated, and a strong charge separation occurs in order to support the radial self-electric field [ Fig. 11(c) ]. Simulations show [ Fig. 11(b) ] that inside the electron beam, i.e., r<R e (z), the radial electric field is nearly linear, and is given by the electron force-balance equation 
Here, R e (z) is the characteristic outer radius of the electron beam, and R e <R i [ Fig. 11(c) ]. For the case of a sufficiently long beam with , it follows from Eq. (12) that the electron beam density is uniform, and is specified by 5 ). This is primarily due to the fact that in the present simulations (see Fig. 9 ) the magnetic 
which is to be solved subject to the boundary condition, 
In Eq. (14), the longitudinal derivatives have been neglected provided the beam is sufficiently long with . Note that the solution to Eqs. (14)- (15) is, in general, nonlinear even for a uniform ion beam density profile. As a result, the aberration effects caused by nonlinearities in the focusing electric field can significantly degrade the transverse focal spot. 
Equations (14)- (16) 
where is the characteristic length-scale for variations of the applied magnetic field. 
V. EFFECTS OF THE CONDUCTING WALL ON COLLECTIVE FOCUSING
In this section we investigate the collective focusing of an ion beam pulse, taking into account the effects of the finite-radius conducting wall surrounding the beam cross-section 21 extending over the region of the beam initial neutralization (e.g., background plasma) and the magnetic field region (Fig. 9) . We demonstrate that the presence of such a conducting boundary can lead to a lack of neutralizing electron background in the outer-edge region of the ion beam. , where φ w is the wall potential. It now readily follows that
where r w is the conducting wall radius, and without the loss of generality we assumed that the wall is grounded, i.e., φ w =0. It is interesting to note that even if variations in the velocity of on- 
where and are the ion and electron line densities, respectively.
Equation (22) 
provided the conducting wall is not in close proximity to the beam. The numerical solution to Eq. 
where B s is the applied solenoidal magnetic field. Combining Eqs. (25) and (26) gives 
where I 0 (x) is the modified Bessel function of order zero. Plots of the total magnetic field B z (r),
i.e., the sum of the beam-generated and the applied magnetic fields, for different values of , the outer edge of the beam still experiences pronounced collective focusing (Fig. 14) . It is therefore of great interest to carry out 26 detailed self-consistent studies including the effects of the beam radial profile evolution, in order to estimate the applied magnetic field required to collimate or focus the intense ion beam.
VII. CONCLUSIONS
In the present work the collective focusing scheme in which a weak magnetic lens provides strong focusing of an intense ion beam pulse carrying an equal amount of neutralizing electron background has been investigated. This collective focusing can allow for the use of weak (several hundred Gauss) magnetic fields instead of the several Tesla fields used for a conventional magnetic lens, thereby significantly facilitating the technical realization of ion beam focusing for several applications to high energy density physics. As a practical example, the feasibility of tight collective focusing of intense ion beams for the Neutralizing Drift , the outer edge of the ion beam pulse still experiences efficient collective focusing.
